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Two examples related to investigation of vibrations in civil engineering structures are presented. In the first example it is shown how it 
is possible to decrease vibration in underground structures. These vibrations are caused by train load. It is shown by the results of 
presented dynamic analysis that the use of special elastomer is very important in engineering practice in order to decrease structural 
vibrations. Second example presents the foundation for special equipment -  eletronic balances, which are very sensetive, even to 
small displacement. Presented dynamic analysis is related to the vibrations caused by heavy traffic load in order to obtain optimum 





In this paper two examples related to investigation of 
vibrations in civil engineering structures are shown. It is 
presented how dynamic analysis related to the vibrations 
caused by train and heavy traffic load can be performed. 
 
 
EXAMPLE OF VIBRATIONS CAUSED BY 
UNDERGROUND TRAIN LOAD 
 
This paper presents how it is possible to decrease vibrations in 
underground structures. These vibrations appear as the results 
of dynamic effect of the train loading over the rails. 
  
The underground railway structure considered in this paper is 
shown in Figure 1. It is one of the examples of Belgrade 
subway, built during the last few decades. The dimensions of 
the reinforced concrete tunnel are 6.0m x 6.0m and the depth 
of foundation is 9.0m. Reinforced concrete wall (diaphragm) 
is 11.5m long. Typical geotechnical characteristic of terrain in 
Belgrade urban area are also given in Fig. 1. Top soil is 5.0 m 
high and it consists of clay, and below it is bed of marly clay 
with characteristics shown in the Figure 1.  
 
In this paper it is shown how dynamic analysis can be used in 
one practical engineering problem. The aim was to minimize 




Fig. 1.  Subway construction 
 
The most important factor for any dynamic analysis is to 
define dynamic load. Group of experts from University of 
Belgrade (Faculty of Electrical Engineering, Faculty of 
Mining and Geology and Faculty of Civil Engineering) 
performed experimental testing. The used train “Beovoz”, and 
the testing has been done at new railway station “Prokop” in 
Belgrade. The results of these experiments concerning 
LOESS    
    = 17.0 kN/m3 
  E = 8000 kN/m2 
CLAY 
    = 20.0 kN/m3 
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dynamic loads are shown in Figure 2. Diagram consists of 
6615 data obtained during the 14.75 sec with time interval Δt 




Fig. 2.  Records of dynamic load 
 
Dynamic calculation in this paper was performed using the 
program SAP 2000. This program work is based on the finite 
element method. The basic dynamic equation used in this 
paper, Clough [1975], is given by 
  tPyKyCyM                              (1) 
 
where:   yyy ,,  - are acceleration, velocity and displacement  
respectively, 
              M – is mass matrix, 
              C – is damping matrix, 
              K – is stiffness matrix and 
             P(t) – is load vector. 
 
As it is known, one of the most useful methods for reducing 
the negative effects of vibrations is installing the elastomer. 
Elastomer is composite material consists of rubber and 
synthetic materials. In this paper two kinds of dynamic 
analysis has been done. First analysis was performed without 
elastomer, and second one was with elastomer used as a carpet 
in railway ballast.  
 
 
Vibration Analysis without Elastomer 
 







Fig. 3. The metro superstructure 
 
In he finite element analysis, grave ballast and concrete plate 
are presented as asolid finite elements, and the rail tie is 
presented as frame element. 
There are transmission of vibrations from rail to rail tie, grave 
ballast, concrete plate and soil. It is well known, Graham 
Kelly [2000], Meirovitch [2001], from the theory of isolation 
of vibrations that intensity of vibrations depends of 
characteristic of the soil below the metro superstructure. It is 
the reason why influence of soil should be taken into account. 
In this analysis soil is presented as elastic support with 
appropriate mechanic characteristic.  
 
Firstly, dynamic analysis of free vibrations for model without 
elastomer (Figure 3.) was done. Frequencies values of first 
five modes are presented at Table 1. 
 
Table 1.  Frequencies values without elastomer 
 
Mode Period (s) Frequencies  (rad/s) 
Frequencies 
 (Hz) 
1 0.01366 460.07 73.222 
2 0.00452 1391.07 221.396 
3 0.00272 2291.48 364.670 
4 0.00169 3714.83 591.234 
5 0.00134 4704.19 748.695 
 
 
Forced vibrations by train cause significant vibrations of 
metro superstructure and soil. Displacement, velocity and 
acceleration of all nodes of finite elements are calculated 
according to equation (1). Displacement diagram for the 





Fig. 4.  Displacement diagram for the characteristic node A 
 
 
It is obvious from this diagram that maximum vertical 
displacement is v = 3.19 cm and it appears at moment t = 4.86 
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Vibration Analysis with Elastomer 
 
In new railway station “Prokop” in Belgrade Italian elastomer 
ISOLGOMA TIM M40AV was used. It is 5 cm tick, and its 
dynamic modulus of elasticity is K=62.8 N/cm3. Typical 
solution of metro superstructure, in this case, is presented in 
Figure 5. It can be seen that elastomer is placed between 









Fig. 5.  The metro superstructure with elastomer 
 
The numerical model in this case is the same as before, only 
elastomer presented by frame element is added. 
 
According to dynamic analysis of free vibrations, it was obtain 
that the free frequency values are less than before. It means 
that whole structure become “softer” than without elastomer. 
Frequency values of first five modes are presented in Table 2. 
 
Table 2. Frequencies values with elastomer 
 
Mode Period (s) Frequencies  (rad/s) 
Frequencies 
 (Hz) 
1 0.02774 226.49 36.047 
2 0.00924 679.98 108.221 
3 0.00537 1169.47 186.126 
4 0.00428 1469.01 233.799 
5 0.00362 1733.96 275.968 
 
Forced vibrations analysis shows that transmission of 
vibrations to soil is less than before, because the rigidity of 
structure was changed. Displacement diagram for the 




Fig. 6. Displacement diagram for the characteristic node A 
 
Maximum vertical displacement of node A is v = 1.48 cm, ad 




As it is shown by this dynamic analysis, the use of elastomer 
is very important in engineering practice. In this case it was 




EXAMPLE OF VIBRATIONS CAUSED BY HEAVY 
TRAFFIC LOAD 
 
Another example refers to investigation of vibration caused by 
heavy traffic (truck) load. Adaptation ground floor of a 
building within the “Institute for Measurements and Precious 
Metals” in Belgrade was conducted with the purpose of 
forming an integral national Laboratory for Mass. During the 
adaptation of this space, foundations of separate tables 
carrying scales for etalon-standardising weights were planned 
to be constructed. These electronic scales are extremely 
sensitive to movement, thus practically not allowing the 
foundations to be settling. During the foundations design 
process, vibrations that occur due to the passing of heavy 
trucks had to be taken into consideration. Based on the 
recorded vibrations provided in the “Results of Seismometric 
Analysis of Micro-tremors Report“, prepared by the Faculty 
for Mining and Geology in Belgrade, value of maximum 
amplitude of vibrations that can be expected as well the 
dominant frequency of oscillations have been recorded. In 
order to assess whether the obtained measurements are within 
limits and if the foundation’s construction has been designed 
well, dynamic calculations of foundations have been done for 
such defined dynamic load. 
 
Geotechnical Conditions of Foundation 
 
Analysis of geotechnical conditions for foundations has been 
performed based on the existing geological-geotechnical 
documentation, technical data of the existing building and the 
adaptation design provided by the investor. 
 
To research depth, the terrain soil is built of contemporary 
unconsolidated man-made deposit up to 3 meters in thickness 
and quaternary alluvial sediments consisting of: organic clays 
and muddy silt soil in the upper layers up to 7.0m in depth and 
below them silt sands that are first in lenses and then as a 
continuous layer, Figure 7. 
 
The unconsolidated man-made deposit is very heterogeneous 
in consistency, composed of sandy and clay soil with 
intercalations of building debris, inconsistent in compactness, 
porous, very compressible in places and extremely 
deformable. Due to its physical-mechanical characteristics, 
this is very inappropriate ground for direct foundations of 
sensitive equipment. 
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Organic clays and silt dusts are dark grey to black, soft in 
plasticity, water saturated, water impermeable, very 





Fig. 7.  Geotechnical cross-section 
 
Considering extreme sensitivity of the equipment – electronic 
scales for etalon-standardising weights as well as the 
exceptional heterogeneous and adverse engineering-geological 
characteristics of the soil, a foundation concept has been 
adopted that allowed the foundations of the scales were 
separate from the foundations of the existing building and its 
foundations. Reinforced concrete foundations of the scales, or 
rather of the heavy tables carrying the scales, are 60x90x20 
cm and are shown on Figure 8 and Figure 9. Under these 
foundations a layer of hard mineral wool d=5cm is laid, 
followed by a reinforced concrete slab d=15 that is separated 
from the walls. Tampon of well compressed gravel d=40cm is 














Dynamic Analysis of Foundations 
 
Vibrations at the exact location of the foot of foundations have 
been measured by the use of triaxial sensors (velocimeters) 
with acquisition systems TM-3C24 and GBV-316. Frequency 
of sampling was 400 bits of data per second. Recording was 
performed continually between the hours of 1pm (13:00) and 
4.30pm (16:30). 
 
Vibrations occurring in period between 3:20pm (15:20) and 
3.24pm (15:24) have been chosen as dominant-reference 
values, as they caused maximum signals at the observed point 
(Figure 10).  
 
Values obtained by recording are as follows: 
 
- Dominant frequency of vibrations: p = 23,0 Hz 
- Maximum amplitude of acceleration:Au = 0,310 10-3 m/sec2 
 
 




Fig. 10.  Vibration obtained by measurement 
 
 
Dynamic analysis was performed by two different approaches. 
 
Single degree of freedom method – applying dynamic factor. 
Dynamic model of the foundations that oscillate due to the 
ground vibrations is shown on Figure 11, Coric, B., et al 




Fig. 11.  Dynamic model of foundation 
 
 
Dynamic equation of equilibrium is: 
     0 ss yykyycym                     (2) 
 
where:  
m – foundations mass, 
k  – soil stiffness,  
c  – soil damping,  
ys – ground vibrations. 
 
By performing calculations in accordance with the above 
equation, dynamic coefficient  is obtained. This quotient 
represents the ratio between dynamic and static movements. 
 






















k       

p        







In order to calculate the dynamic factor, it is necessary to 
determine own frequency of foundations oscillation, Brcic 
[1998]. 
 










k 4   
 










When  = 0, dynamic factor is: 
 
  604.11 1 22    
 
That means that vibrations as well as the accelerations that 
will transfer to the scales will be: 
 
243 sec/10972.41031.0604.1max mAu
     




Multi degree of freedom method – applying finite element 
method. Dynamic calculation was performed using the 
program SAP 2000 and applying equation (1). Finite element 
mash is presented in Figure 12.   
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Fig. 12.  FE mash 
 
 
Frequencies values of first five modes were calculated and 
presented at Table 3. 
 
Table 3.  Frequencies values  
 
Mode Period (s) Frequencies  (rad/s) 
Frequencies 
 (Hz) 
1 0.0267 235.32 37.45 
2 0.0267 235.32 37.45 
3 0.0267 235.32 37.45 
4 0.00157 4002.03 636.94 
5 0.00154 4080.00 649.35 
 
 
Forced vibrations caused by heavy traffic load cause 
displacements, velocities and accelerations. Characteristic, 
dominant accelerations in the middle of the foundation are 




Fig. 13.  Acceleration diagram for the characteristic node 
 
As it can be seen from this Figure, maximum acceleration is 
5.2510-3 m/sec2. It is significant lower than an allowed value 





Presented dynamic analysis and results of the investigation 
show that applied type of foundations has been designed well, 
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